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Supplementary Note 1: Opposite phase modulation of TAM separation

As GPOEs introduce opposite phase modulation for orthogonal circular polarizations, the
effect not only for the SAM separation, but also for the OAM separation. In order to achieve the
TAM separation, the phase modulation of SAM and OAM must be integrated together. Therefore,
it is necessary to investigate the negative modulation of ¢ in OAM separation.

The log-polar coordinate transformation term corresponds to the following partial derivative

relation:
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and the partial derivative relation of the opposite phase modulation ¢ can be written as:
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When the phase modulation becomes negative, the point (X,y) originally mapped to (u,v) will
be mapped to (-U,-V) . As for the arc tangent term, the complex coefficients c, are used to
regulate the complex amplitude relations of different diffraction orders®® and the symmetric orders
have the same coefficients. Though they take the opposite values, the relative strength relationship
between these diffraction orders remains unchanged. In other words, the opposite fan-out
modulation will get the same effect, namely, the original is mapped into a set of rectangular shapes,
but the position is symmetric with the original position about the origin.

After corrector modulation, the Fourier transformation of L, converts the beam from

rectangular shape into strip pattern (sinc function). In the separation plane (&,7), the separated



OAM components in #-axis read:

2ra . —Al
“784in c(n

U.(77)=\/W N (S3)

where A is the half-width of the main flap of the cardinal sinc function and / is the topological

charge. As for the negative phase modulation cases, it turns to:

U, (7) = Z2sinc(1H4) (S4)
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Eq. (S4) indicates that, for the OAM separation, when the phase modulation of unwrapper being

opposite, both of the adjacent mode spacing and the mode width are unchanged, and only the mode
layout changes. Since the opposite circular polarization has an opposite linearly gradient phase, the
separated modes from positive and negative modulation are centrosymmetric at the separation plane.
Fig. S1 gives the simulation results when single TAM modes |t//1> = | L>|+4> and |l//2> =|R>|+4>

are incident, which agree well with above analysis.
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Fig. S1 Simulated intensities distributions of single TAM states on input plane (a) (e), rear focal
plane of lens L1 (b) (f), and separation plane (c) (g). Simulated intensities distribution of all 42 single
TAM states in separation plane (d).



Supplementary Note 2: TAM reverser design

Fig. S2 Principles of TAM mode recovers through the proposed TAM reverser. U, unwrapper;
Li-4, lenses; Ci, corrector; Sp, separation (filter) plane; C,, anti-corrector; U», anti-unwrapper.

The TAM reverser should transform the separated states back into the incident form, the
structure of which is quasi-symmetric with the TAM separator unit. It’s worth analyzing the status
of |l// > during its propagation, given in Fig. S2. Since the OAM modes have a symmetric
distribution in vertical axis with opposite phase modulation, and the vertical symmetry of phase
distributions ¢4, ¢,, there are no challenge in OAM modes reverse. Considering an incident TAM
mode |Win> = | L>| |> , a complete theoretical analysis is given below.

At first, the input mode is modulated by unwrapper U; at region A, and the propagation from

A to C is expressed as:
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where My and M, are the transformation of Uy and Li, separately. [R)[I),  is the mode
irradiated onto (u,,v;) plane. +9,/ f, denotes the angular distance of propagation vector and f;
is the focal length of L.

Subsequently, the mode is modulated by corrector C; at region C, described as:

M, | R>|I>+51/f1 = | L>|I>+§1/f1+§2/f2 (S6)

M¢, =—2a, is the transformation of right half part of Ci and f, is the focal length of L. The
mode will propagate further away from the z-axis after the modulation of Ci, then it passes through
a 4-f'system consisting of L, and L3. Such propagation from region C to D is expressed as:

My, | L>| |>+51/f1+52/f2 = | L>| |>7¢51/f1—§2/f2 (S7)

where ML2L3 is the transformation of the 4-f system. Since the propagation vector of |L>||> is
reversed, the modulation of C; at region D should take the following form:
M, | L>|I>—61/f1—52/f2 :|R>|I>7§1/f1 (S8)
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To achieve the reversal, the phase modulation at region C and D should be opposite. If C; has the
same main-axis orientation distribution as Ci, transformation M. =2a, seems to be
unquestionable. Unfortunately, due to the asymmetric distribution of C; in u-axis, the reversal
modulation at region D is identical to region C. Moreover, a linear gradient phase modulation
+6,ul Af, should be introduced by C,, simultaneously. Overall, the main-axis orientation
distribution of C; must be designed as «,(U,,V,) =, (-U,,V;) , namely, C; and C; are symmetric
about the v-axis.

Lastly, L4 and U, are applied to fulfil the final transformation:

My, M [R)[T)_, . =[L)[1), (S9)

where MU2 and M ., are the transformation of Uz and L4, separately. As the mode passes through
La, it is located at region F, center of the element. Since the input of Uy is right circularly polarized,
|\/|U2 should be —2¢, . In other words, Us has the same main-axis arrangement as Uj.

In general, we give the theoretical transformation detail of TAM manipulator with an incident
state | L>| |> and complete the design of TAM reverser, while the state | R>| |> can be analyzed in

the same manner.



Supplementary Note 3: TAM mode transformation in TAM manipulator
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Fig. S3 Transformation process of TAM manipulator for TAM mode |l//> = (| L> +| R>)|+4> . (a)
the propagation detail where L; ~ L4 are omitted. (b) intensities and phases distributions of various

observing planes of two single TAM components | L>|+4> and | R>|+4> .



Supplementary Note 4: Simulated and experimental evaluation for TAM
separation
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Fig. S4 The simulated and experimental evaluation for TAM separation. (a) The maximum
intensity locations of TAM states along 7 axis, including simulation (sim) and experiment (exp)
for left and right circular polarizations (L and R). (b) The maximum intensity locations of TAM
states along & axis, including simulation (sim) and experiment (exp) for left and right circular
polarizations (L and R). (¢) The simulated relative intensity along & axis for left circular
polarizations. (d) The experimental relative intensity along & axis for left circular polarizations.
(e) The simulated relative intensity along ¢ axis for right circular polarizations. (f) The
experimental relative intensity along ¢& axis for right circular polarizations. The eigen value of
OAM mode are labeled on (c-f).

These plots shown in Fig. S4 are obtained from the simulated and experimental patterns of
TAM separation given in Fig. S6-17. With the fabricating error of GPOEs, there exists imperfect
phase modulation. To get better experimental separation performance, the corrector (C;) is located
slightly away from the rear focal plane of the first lens (L1), which only brings about the difference
between the simulated and experimental in Fig. S4a. Fig. S4b illustrate that the experimental
location of each TAM state along ¢ axis is basically consistent with the simulation, while there
are some deviations from three states, |R)|I)(I=4,5,6), which might be caused by the slight
misalignment between the unwrapper (U;) and corrector (Cy).



Integrating the power in 7 axis could generate Fig. S4c-f, where the experimental results is
favorable with the simulation. As Eq. S3 and Eq. S4 contain a sinc function, side-lobe crosstalk is
inevitable for this log-polar transformation-based separation. To quantitatively evaluate the impact
of this crosstalk, a concept like side mode suppression ratio, defined as the ratio of the intensity
between the maximum and secondary peaks in Fig. S4c-f for each mode, could be applied. For the
simulation, this indicator is greater than 20 dB when the eigen value | of OAM mode meets
||| <8, while the average of it goes to 16.40dB in other states. Due to the imperfect phase
modulation and experimental misalignment mentioned above, the indicator decreases to 15.67dB in
experiment, which can be closer to the simulation with the improvement of fabrication techniques

and the integration of the unwrapper and corrector.



Supplementary Note 5: Experimental details
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Fig. S5 The experimental setup. DFB, distributed feedback laser diode; SMF, single mode fiber;
COL, collimator; HWP, half wave plate; PBS; & PBS,, polarized beam splitter; BS; ~ BSs, beam
splitter; SLM; & SLMa, liquid-crystal spatial light modulator; QWP & QWP,, quarter wave plate;
Li ~ L3, plano-convex lenses, the focal length of L, & L4~ L3 are 200mm and the focal length of
Li & L3 are 50mm; AS; & AS,, aperture stop; TAM Separator, Sp and TAM Reverser, the units of
TAM manipulator; R; ~ R3, reflector; P1 & P2, polarizer; CCD; ~ CCDs, infrared CCD camera.

We evaluated the system through the setup shown in Fig. S4. For the state preparation section,
the 1617nm fundamental mode Gaussian beam is generated and coupled into free space from a
collimator (COL). Then the beam was converted into horizontal linear polarization, by passing
through a half wave plate (HWP) and a polarized beam splitter (PBS;). Next, the TAM beam was
generated by encoding special designed holograms on a spatial light modulator (SLM;). Finally, the
generated beam was relayed to the first plane of TAM manipulator through the 4-f system consisting
of two plano-convex lenses (Ls & Ls) with an aperture stop (ASi). Moreover, inserting a quarter
wave plate (QWP)) in the path and rotating could transform the incident beam from horizontal linear
polarization into either of the two orthogonal circular polarizations.

The setup of TAM manipulator was consistent with Fig. 1. As for the evaluation section, the
intensity distributions of incident beam were captured by an infrared CCD camera (CCD;) with a
plano-convex lens(L7), and a polarizer (P1) was inserted when doing the polarization detection. A
beam splitter (BS3) and CCD; was placed after the TAM separator for the capture of the intensity
distributions of separated beam. Then, a 4-f'system consisting of two plano-convex lenses (Ls & Lo),

along with a beam splitter (BS4) and a reflector (R1), relayed the filtered patterns on the separation
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plane to the infrared CCD camera (CCD3) for evaluation. The output pattern of TAM manipulator
was captured by the infrared CCD camera (CCD4) together with plano-convex lens (L1o). A polarizer
(P2) was inserted when doing the polarization detection.

For the TAM spectrum analysis of output beam, a 4-f system consisting of two plano-convex
lenes (L11 & Li2), along with a beam splitter (BSs) and a reflector (R»), delivered the output beam
to a spatial light modulator (SLM), which is encoded by a series of holographic anti-spiral phase
plates (HASPPs) for the OAM projection measurement?®. Meanwhile, the SAM projection
measurement is carried out by a quarter wave plate (QWP») together with a polarized beam splitter
(PBS2). The projected modes were reflected by beam splitter (BS¢) and reflector (R3) twice, and
then captured by an infrared CCD camera (CCDs). Finally, the TAM spectrum was obtained.

In the theory of TAM manipulator, focal length of the second and the fourth lens (L & L4) are
originally 400mm, due to the limitation of the length of optical table, the focal length is reduced to

200mm. The effect of modifying this parameter is only to scale down the pattern to half.



Supplementary Note 6: Simulated and experimental results for TAM manipulator
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Fig. S6 The simulated results of single TAM states. |y)=|L})|l), 1=-10~—4.
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Fig. S7 The simulated results of single TAM states. |y)=|L)|l), 1 =-3~+3.
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Fig. S8 The simulated results of single TAM states. |y)=|L})|l), 1=+4~+10.
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Fig. S9 The simulated results of single TAM states. |y/> =| R>| |> , 1=-10~-4.
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Fig. $10 The simulated results of single TAM states. |y)=|R)[l), | =-3~+3.
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Fig. S11 The simulated results of single TAM states. |l//> = | R>| |> , 1 =+3~+10.
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Fig. S12 The experimental intensities distributions of single TAM states at CCD1, CCD2 and
ccp4. |y)=|L)|h), 1=-10~—-4.
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Fig. S13 The experimental intensities distributions of single TAM states at CCD1, CCD2 and
ccp4. |y)=|L)|l), 1=-3~+3.
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Fig. S14 The experimental intensities distributions of single TAM states at CCD1, CCD2 and
cepd. |y)=|L)|), I=+4~+10.
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Fig. S15 The experimental intensities distributions of single TAM states at CCD1, CCD2 and
ccp4. |y)=[R)|I), 1=-10~—4.
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Fig. S16 The experimental intensities distributions of single TAM states at CCD1, CCD2 and
cepd. |y)=[R)|I), 1=-3~+3.
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Fig. S17 The experimental intensities distributions of single TAM states at CCD1, CCD2 and
cep4. |y)=[R)|I), 1=+4~+10.
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Fig. S18 The simulated results of multi-TAM modes |‘~I" |‘~I" |‘~I" |‘-I"10 incident. Input, the

intensities distributions of incident modes; Separation, the intensities distributions of separated

modes; the boxes, the modes blocked in selective blocking cases; Output 1, the intensities
distributions of output in straight through cases; Filter, the intensities distributions of modes after

blocking; Output 2, the output intensity distributions in selective blocking cases.

15



Supplementary Note 7: The insufficient phase modulation

As the limitation of the GPOEs’ fabrication is exposed, the intensities distributions of the linear
polarized OAM carried beam, denoted as [y) =(|L)+|R))|I), propagating to the rear focal plane
of the first lens (L1) are given in Fig. S19. In experimental cases, there exist three spots vertically
laying at the center, which represents the focused linear polarized OAM beam, indicating that the

imperfect phase modulations are only evident at lower OAM orders.
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Fig. S19 The simulated and experimental pattens of linear polarized OAM beam at the
rear focal plane of the lens L. |y)=(|L)+|R))|l), |=-10~+10.
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